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1CFisUC, Department of Physics, University of Coimbra, P-3004 516 Coimbra, Portugal
The three gluon one particle irreducible function is investigated using lattice QCD simulations over
a large region of momentum in the Landau gauge for four dimensional pure Yang-Mills equations
and the SU(3) gauge group. The results favor a zero crossing of the gluon form factor for momenta
in the range 220 − 260 MeV. This zero crossing is required to happen in order to have a properly
defined set of Dyson-Schwinger equations. It is also shown that in the high momentum region the
lattice results are compatible with the predictions of renormalisation group improved perturbation
theory.
The non-perturbative computation of the QCD
Green’s functions is an important step towards the un-
derstanding of the dynamics of strong interactions. The
calculation of the Green’s functions over the full momen-
tum range is a non-trivial task, independently of taking
into account or not the contribution of quarks. The lat-
tice approach to QCD allows for first principles deter-
mination of the n-point complete Green functions as for
example
G(n)(x1, . . . , xn) = 〈A(x1) · · ·A(xn)〉 , (1)
where A stands for the gluon field and where we have
omitted the color and Lorentz indices. In momentum
space the Green’s functions reads
G(n)(p1, . . . , xn) = 〈A(p1) · · ·A(pn)〉 . (2)
The complete Green’s functions G(n) can be decomposed
in terms of one particle irreducible (1PI) functions Γ(n)
and, therefore, from G(n) one can have access to the var-
ious form factors or combination of form factors that de-
fine Γ(n).
For a quantum field theory the knowledge of the 1PI
enables the computation of any Green’s function, of the
matrix S and the determination of the cross sections pre-
dicted by the theory. Furthermore, the 1PI functions
summarise, like the Green’s functions, the dynamics of
the theory and for QCD they encode information on
quark and gluon confinement. For gauge theories the
Green’s functions and the 1PI are gauge dependent ob-
jects and, therefore, one has to choose a priori a given
gauge.
In this paper, we will report on lattice QCD results for
the SU(3) pure Yang-Mills theory in the minimal Lan-
dau gauge. The focus will be on the momentum space
three point Green’s function G(3) a1a2a3µ1µ2µ3(p1, p2, p3) and
the corresponding 1PI function Γ(3) a1a2a3µ1µ2µ3(p1, p2, p3) .
The computation of the three point Green’s function
is connected with multiple properties of the strong inter-
actions. For example, from G(3) one can define a static
potential between color charges or measure the strong
coupling constant [1–8, 17], an important phenomeno-
logical input for studying strong interaction physics.
The three point function is also a crucial ingredient in
the continuum approach to strong interactions. Indeed,
the reproduction of the lattice results for the gluon and
ghost propagators using the Dyson-Schwinger equations
requires a proper description of this correlation func-
tion [10, 11]. Furthermore, in the continuum approach
to non-perturbative QCD, the three gluon vertex plays a
fundamental role in the structure of the Dyson-Schwinger
equations (DSE). Indeed, given that the ghost propaga-
tor is described by an essentially massless particle type of
propagator, the ghost loops in the DSE give rise to a new
type of divergences which, to be removed and to define a
finite set of equations, introduce non-trivial constraints
into the structure of the Green’s functions with a higher
number of external legs.
For the particular case of the pure Yang-Mills theory
and for the gluon Dyson-Schwinger equation, assuming
an essentially tree level like ghost propagator, and as-
suming that the four-gluon vertex is subleading in the
infrared region, the requirement of a finite DSE for the
gluon requires that certain form factors associated with
the three gluon 1PI change sign for momentum in the
IR region [12, 13] and, therefore, they become zero at
certain kinematical points. Similar requirements on Γ(n)
for n > 3 also appear when one considers the DSE as-
sociated to the Green functions with a larger number of
external legs [14]. In this sense, the cancelation of the
divergences associated to the ghost loop in the DSE pro-
vides a highly non-trivial constrain on 1PI at sufficiently
small momenta.
In what concerns the three gluon vertex in pure Yang-
Mills theory, the zero crossing of the form factors de-
scribing the 1PI has been observed in lattice simulations
in three space-time dimensions but not in four dimen-
sional simulations for the gauge group SU(2) [15, 16]. For
SU(3) pure Yang-Mills in four dimensions, the change of
sign was reported very recently in [17]. Furthermore,
the change of sign was also seen in the solutions of
the Dyson-Schwinger equations for the three gluon ver-
tex [18, 19], on the variational solution of QCD in the
Coulomb gauge [20] and on the description of the Yang-
Mills theory via the Curci-Ferrari model [21]. Although
the momentum scale where the zero crossing in the three
gluon vertex sets in is not exactly the same in all the
works just mentioned, it seems to be a common feature
of the modern description of the three gluon vertex. In
three dimensional SU(2) lattice simulations [16] the mo-
2mentum scale where the form factors become negative
was estimated as a value in the range ∼ 150 – 250 MeV.
The study of the gluon DSE [13] reports a momentum
scale of ∼ 130 – 200 MeV where the change of sign for
the three gluon vertex occurs. The lattice simulation for
SU(3) points towards a momentum scale that is clearly
above 100 MeV [17]. As investigated in [22], the inclusion
of the dynamical effects in the three gluon vertex con-
firms the pattern described above with the zero crossing
happening within the same scales of momentum as in the
quenched theory.
In the current paper we report on SU(3) lattice estima-
tions of the three gluon vertex for pure Yang-Mills the-
ory in the minimal Landau gauge. Our aim is to provide
further evidence that the form factors associated to this
1PI function vanish for certain kinematical configurations
and deliver information which can help to parametrise
the three gluon 1PI in the continuum approach to QCD.
This work is organised as follows. In Sec. I we resume
the lattice setup and the definitions used throughout the
paper. In Sec. II we describe the various type of Green
functions considered here and, in particular, the one par-
ticle irreducible function associated to the three gluon
vertex. In Sec. III the lattice simulation results are re-
ported for two different lattices. Finally, in Sec. IV we
summarize and conclude. In App. A, for completeness,
we provide a tensor decomposition of the three gluon ver-
tex.
I. LATTICE SETUP AND DEFINITIONS
The simulations reported here use the standard Wil-
son action, which reproduces the continuum action up
to corrections of order a2. For the generation of the
gauge configurations we used the Chroma library [23] and
a combined Monte Carlo sweep of seven over-relaxation
updates with four heat bath updates. The gauge config-
urations generated by importance sampling were rotated
to the Landau gauge by maximising the function
FU [g] =
1
V NdNc
∑
x,µ
Re Tr
[
g(x)Uµ(x) g
†(x+ aeˆµ)
]
,
(3)
over each gauge orbit associated to the link Uµ(x), where
V is the number of the lattice points, Nd = 4 is the num-
ber of space-time dimensions, Nc = 3 is the number of
colours and eˆµ is the unit vector along the lattice direc-
tion µ. The gauge fixing, i.e. the maximisation of FU [g],
was performed with the Fourier accelerated steepest de-
scent method described in [24], which was implemented
using Chroma and PFFT [25] libraries. The quality of
the gauge fixing was monitored with
θ =
1
V Nc
∑
x
Tr
[
∆(x)∆†(x)
]
(4)
where
∆(x) =
∑
µ
[Uµ(x − eˆµ)− Uµ(x)− h.c. − trace] , (5)
the lattice version of the Landau gauge fixing condition
∂A(x) = 0. For each gauge configuration, the gauge
fixing was stopped when θ 6 1015.
For the computation of the complete Green’s functions
we take the definitions as those in [26]. The gluon field
is given by
aAµ(x+ aeˆµ) =
Uµ(x)− U
†(x)
2ig0
−
Tr
[
Uµ(x) − U
†(x)
]
6ig0
+O(a2) , (6)
which reads in momentum space as
Aµ(pˆ) =
∑
x
e−ipˆ(x+aeˆµ)Aµ(x + aeˆµ) , (7)
where
pˆµ =
2 pi nµ
aLµ
and nµ = 0, . . . , Lµ (8)
and Lµ is the number of lattice points in direction µ.
The results reported are given in terms of the tree level
improved momentum
pµ =
2
a
sin
(
a pˆµ
2
)
. (9)
Furthermore, to minimise lattice artefacts associated to
the break of the rotational symmetry, for momenta above
1 GeV we only report the data surviving to the momen-
tum cuts as defined in [27].
For the evaluation of the statistical errors, the results
reported here rely on the bootstrap method using a con-
fidence level of 67.5%.
II. GREEN FUNCTIONS AND 1PI FUNCTIONS
Our goal is to describe the three gluon vertex which
requires the computation of the complete Green function
(2) for two and three external legs. On the lattice, the
two point function is given by
〈Aa1µ1(p1)A
a2
µ2
(p2)〉 = V δ(p1 + p2) D
a1a2
µ1µ2
(pˆ1) (10)
where, in the Landau gauge, the gluon propagator reads
Da1a2µ1µ2(pˆ) = δ
a1a2 Pµ1µ2(p) D(p
2
1) (11)
and the orthogonal projector is given by
Pµ1µ2(p) = δµ1µ2 −
pµ1pµ2
p2
. (12)
3The three point complete Green’s function has a simi-
lar definition
〈Aa1µ1(p1)A
a2
µ2
(p2)A
a3
µ3
(p3)〉 =
V δ(p1 + p2 + p3) G
a1a2a3
µ1µ2µ3
(p1, p2, p3) (13)
and it can be written in terms of the gluon propagator
and of the 1PI vertex as
Ga1a2a3µ1µ2µ3(p1, p2, p3) = D
a1b1
µ1ν1
(p1) D
a2b2
µ2ν2
(p2) D
a3b3
µ3ν3
(p3)
Γb1b2b3ν1ν2ν3(p1, p2, p3) , (14)
where there is an implicit sum over the bi and νi indices.
The color structure of the three gluon vertex allows one
to write the 1PI as
Γa1a2a3µ1µ2µ3(p1, p2, p3) = fa1a2a3Γµ1µ2µ3(p1, p2, p3) , (15)
where fabc stands for the SU(3) group structure con-
stants. Bose symmetry requires the vertex to be sym-
metric under the interchange of any pair (pi, ai, µi) and
it follows that Γµ1µ2µ3(p1, p2, p3) must be antisymmetric
under interchange of any pair of (pi, µi).
In order to describe the Γµ1µ2µ3(p1, p2, p3) one has to
define a given Lorentz tensor basis of operators. Its gen-
eral form in the continuum has been investigated in [28]
and decomposes the 1PI function in terms of transverse
Γ(t) and longitudinal Γ(l) components. The function
Γµ1µ2µ3(p1, p2, p3) can be written in terms of six Lorentz
invariant form factors with two form factors associated
to Γ(t) and the remaining associated to Γ(l). The details
of the decomposition in terms of the form factors can be
found in appendix A.
Our starting point to access the 1PI three gluon vertex
is the following color trace
Gµ1µ2µ3(p1, p2, p3) = Tr 〈Aµ1 (p1)Aµ2(p2)Aµ3 (p3)〉 =
=
Nc(N
2
c − 1)
4
D(p21)D(p
2
2)D(p
2
3) Pµ1ν1(p1)Pµ2ν2(p2)Pµ3ν3(p3) Γν1ν2ν3(p1, p2, p3) (16)
where, to simplify the above expression, we have omitted
the factor V δ(p1+p2+p3) and where 〈· · · 〉 means average
over gauge configurations. We call the reader’s attention,
that in previous lattice calculations of the three gluon 1PI
for the gauge groups SU(2) and SU(3) the authors con-
sidered a different function, named generically R, which
is given by a ratio of two and three point correlation
functions; see [15–17] for details.
III. RESULTS
The lattice simulations can only measure the Green’s
functions on a limited set of kinematical configurations.
Herein, we report the results of the simulations performed
using 644 and 804 lattices and for β = 6.0. For the con-
version into physical units we take the lattice spacing
as measured from the string tension [29] and, therefore,
1/a = 1.943 GeV or a = 0.102 fm. The smaller lattice has
a physical volume of (6.5 fm)4. For the smallest lattice,
the smallest momentum is pmin = 191 MeV and we gen-
erated 2000 gauge configurations. The largest lattice has
a physical volume of (8.2 fm)4, the smallest momentum
being pmin = 153 MeV and we use 279 gauge configura-
tions in the computation of all correlation functions.
In Fig. 1 the bare Landau gauge gluon propagator and
dressing function d(p2) = p2D(p2) are reported as a func-
tion of momenta. For p above 1 GeV the data plotted
includes only those momenta which satisfy the cuts as de-
fined in [27]. For momenta below 1 GeV we have included
all lattice data points. No clear finite size and volume ef-
fects are seen in the gluon propagator data. Indeed, for
the smaller momenta, if we plotted D(p2) separating the
different types of momenta, i.e. the (nx 0 0 0) momenta
from (nx ny 0 0) and from (nx ny nz 0), the bare lattice
data seems to define a unique curve. The propagator for
the different types of momenta can be seen in Fig. 2 for
the 644 lattice. Although, at the level of the gluon prop-
agator there seems to be no finite size effects, the same
does not apply to the computation of the three point
function, as seen below.
Let us consider the case where one of the gluon mo-
menta vanishes, i.e. p2 = 0. This particular kinematical
configuration was investigated in the first lattice study
of the three gluon vertex [2] and was used to compute
the strong coupling constant. For a gluon with p = 0,
the momentum projector operator simplifies and is given
by Pµν(0) = δµν . A straightforward calculation shows
that the continuum complete three point Green function
requires only the knowledge of two longitudinal form fac-
tors and
Gµ1µ2µ3(p, 0,−p) =
[
D(p2)
]2
D(0)
Γ(p2)
3
pµ2 Tµ1µ3(p) (17)
where Γ(p2) is given in terms of the invariant form factors
introduced in [28] as
Γ(p2) = 2
[
A(p2, p2; 0) + p2 C(p2, p2; 0)
]
; (18)
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FIG. 1: Bare Landau gauge gluon propagator (left) and dressing function d(p2) = p2D(p2) (right).
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FIG. 2: Infrared bare Landau gauge gluon propagator for
different types of momenta computed using the 644 lattice.
see also appendix A. Note that there is an overall minus
sign relative to the expressions reported in appendix A
which is due to the rotation to the Euclidean space. In
the following, we will report the form factor Γ(p2) as
measured from the combination
Gµαµ(p, 0,−p) pα =
[
D(p2)
]2
D(0) Γ(p2) p2 , (19)
where we use the momentum definition as given in
Eq, (9). We recall the reader that the color factor
N(N2− 1)/4 appearing in (16) was omitted in the above
expression.
For the gauge group SU(2), the authors [15, 16] con-
sidered instead of Γ(p2), the contraction of the complete
Green function with the lattice tree level tensor structure
Γ(0), i.e. the function
R(p2) =
Γ
(0) a1a2a3
µ1 µ2 µ3 (p, 0,−p) Γ
a1a2a3
µ1 µ2 µ3
(p, 0,−p)
Γ
(0) a1a2a3
µ1 µ2 µ3 (p, 0,−p)D
a1b1
µ1ν1(p)D
a2b2
µ2ν2(0)D
a3b3
µ3ν3(p)Γ
(0) b1b2b3
ν1 ν2 ν3 (p, 0,−p)
. (20)
The lattice tree level Γ(0) can be found in e.g. [30]. A
straightforward calculation using the decomposition re-
ported in App. A, and assuming the continuum expres-
sions for the various quantities, shows that R(p2) =
Γ(p2)/2.
The measurement of the form factor
Γ(p2) requires the computation of the ratio
Gµαµ(p, 0,−p)pα/
[
D(p2)
]2
D(0). The evaluation
of this ratio introduces large statistical fluctuations
which severely limit the estimation of Γ(p2) at high
momenta. Indeed, assuming gaussian error propagation
for the estimation of the statistical error on Γ(p2), it
follows that
[
∆Γ(p2)
]2
=
1
[D(p2)]
4
{[
∆Gµαµpα
D(0)
]2
+
[
2 ∆D(p2)
Gµαµpα
D(p2)D(0)
]2
+
[
2 ∆D(0)
Gµαµpα
[D(0)]2
]2}
, (21)
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FIG. 3: Infrared Γ(p2) p2 computed using the 644 (left) and 804 (right) data sets for different types of momenta.
where ∆X stands for the statistical error on the quantity
X . For large momentum D(p2) ∼ 1/p2, therefore, and
∆Γ(p2) ∼ p4 and it follows that the statistical error on
Γ(p2) become quite large at higher momentum. A direct
measurement of Γ(p2) with controllable statistical errors
is possible only at relatively small momentum. A priori,
if the statistical errors on the various quantities are small
enough or close to zero, then one can hope to measure
the form factor with a relatively good statistical preci-
sion. However, even in the case of a very large number
of gauge configurations, which produces a gluon propa-
gator with tiny statistical errors, the statistical errors on
the three point correlation function dominate and again
∆Γ(p2) ∼ p4. So, the only function that the lattice can
provide for large momentum with controllable statisti-
cal errors is the combination
[
D(p2)
]2
D(0) Γ(p2). Cer-
tainly, an improvement on the quality of data for ultravi-
olet region has to go beyond the increase on the number
of configurations. This is a severe limitation of the lat-
tice approach to the evaluation of the three gluon 1PI
and it also applies to the computation of other 1PI with
larger number of external legs. For the infrared region,
the situation is not so dramatic as D(p2) is essentially
constant and the signal to noise ratio can be improved
by considering larger ensembles of gauge configurations.
In order to evaluate possible finite size effects on the
lattice computation of Γ(p2), in Fig. 3 we plot the form
factor as a function of the different type of momenta for
the two lattices considered here. For the smaller lattice,
which uses an ensemble with 2000 gauge configurations,
the data for the smallest momenta of type (n 0 0 0) are
above the remaining sets of momenta. For the larger
lattice, which uses and ensemble of 279 gauge config-
urations, the estimation of Γ(p2) for momenta of type
(n 0 0 0) provides no valuable information on the form
factors. The Γ(p2) p2 data for the simulation using the
804 lattice have large statistical errors and its compat-
ible with a constant value and the comparison between
the two simulations for this type of momenta does not
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FIG. 4: Low momenta Γ(p2) from the 644 and 804 simulations.
help in the understanding of the quality of the data. On
the other hand, with the exception of the momenta of
type (n 0 0 0), the results coming from the two lattices
volumes for Γ(p2) p2 are basically the same for the differ-
ent types of momenta. The difference in the statistical
errors associated with the two simulations using the 804
and 644 lattices are due to the difference in the number
of configurations in each ensemble. Further, given that
one expects larger finite size effects for momenta of type
(n 0 0 0), we will ignore the outcome of the simulations
associated with this type momenta from now on.
The form factors Γ(p2) for both data sets and for mo-
menta up to 2 GeV can be seen in Fig. 4. As expected,
the data for the larger lattice is much noisier than the
data for the smaller lattice and this just translates the
difference in the size of the ensembles used in the calcu-
lation. Despite the larger statistical errors associated to
the 804 results, the figures of the two data sets are es-
sentially compatible within one standard deviation. As
expected and discussed above the statistical errors in-
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FIG. 5: Γ(p2) from the 644 simulation.
crease substantially as one approaches the UV region
and, therefore, we have chosen to exclude the ”high”
momenta in the comparison. The striking point being
that for the lowest available momenta p = 216 MeV
the form factor describing the three gluon vertex be-
comes negative Γ(p2) = -0.80(37) and is compatible with
zero only within to 2.2 standard deviations. Further,
if one takes into account the two data points of Fig. 4
which correspond to Γ(p = 216 MeV) = −0.80(37) and
Γ(p = 270 MeV) = 0.171(73) from the simulation with
the 644 lattice and Γ(p = 264 MeV) = 0.58(43) from the
simulation with the 804 lattice, the data suggests that
the zero crossing for Γ should occur for momenta below
∼ 250 MeV. The simulations performed for the gauge
group SU(2) [15, 16] also suggest that the form factor
becomes negative at around the same momentum scale.
The change of sign seen in the recent lattice simulation
for SU(3) [17] also occurs for momenta within the same
range as observed here.
The computation using the smaller physical volume
has small statistical errors, although the zero crossing is
not observed. In Fig. 5 and for completeness we report
only the data from the simulation using the 644 data but
for an enlarged momentum range.
The study of the ultraviolet behaviour can be per-
formed if one looks to the combination
ΓUV (p
2) =
[
D(p2)
]2
D(0) Γ(p2) p2 . (22)
The one-loop renormalization group improved result for
the gluon propagator at high momentum reads
D(p2) = Z
[
ln p
2
µ2
]−γ
p2
, (23)
where Z is a constant, µ is a renormalization scale and
γ = 13/22 is the gluon anomalous dimension. The equiv-
alent result for the three gluon 1PI is given by
Γ(p2) = Z ′
[
ln
p2
µ2
]γ3g
(24)
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FIG. 6: Γ(p2) from the 644 simulation. The curves are the pre-
dictions from perturbation theory. The data points show are
those which survive the momentum cuts introduced in [27].
See text for further details.
where the anomalous dimension reads γ3g = 17/44. It
follows that for sufficiently high momentum
ΓUV (p
2) =
Z
p2
[
ln
p2
µ2
]γ3g−2γ
(25)
and γ′ = γ3g − 2γ = −35/44.
The results for ΓUV (p
2) measured from the simulation
using the 644 lattice and for the full range of momenta
can be seen in Fig. 6. It includes also the tree level es-
timation of ΓUV (p
2) = Z/p2 and the prediction of Eq.
(25). The normalization constants were set to reproduce
the lattice result for momenta p ∼ 5 GeV and we used for
µ = 0.22 GeV to generate the renormalisation improved
results. Despite the large statistical errors, the data fol-
lows the predictions of perturbation theory for p above
∼ 2.5 GeV. This result can be seen as a validation of
the perturbative approach to QCD for sufficiently high
momenta.
IV. SUMMARY AND CONCLUSIONS
In the current work we have computed the three gluon
complete Green’s function on the lattice for a particular
kinematical configuration and for two different lattices
with volume of (6.5 fm)4 and (8.2 fm)4. We considered
a single value for the lattice spacing a = 0.102 fm and,
therefore, one can not estimate possible effects due to the
use of a finite a.
For the gluon propagator, the results of the two sim-
ulations are compatible within one standard deviation
and no finite volume effects are observed. This result is
in good agreement with our recent studies for the gluon
propagator [31, 32]. On the other hand, the computation
of the 1PI three gluon vertex shows that, in the infrared
region, the estimation of Γ(p2) depends on the type of
momenta considered. This is a clear sign of rotational
7symmetry breaking effects. The data also suggests that,
in the infrared region, momenta of type (n 0 0 0) over-
estimates the 1PI in comparison with the other types of
momenta.
The simulations produce a form factor Γ(p2), see
Figs. 4, 5 and 6, that is essentially a constant func-
tion at high momenta. For momenta below ∼ 1 GeV, is
a decreasing function of p2 which vanish at p ∼ 250 MeV
and becomes negative for smaller momenta. The change
of sign associated to the three gluon vertex has also been
reported recently in lattice simulations of four dimen-
sional pure Yang-Mills for the gauge group SU(3) [17]
and has been reported for three dimensional pure Yang-
Mills for the gauge group SU(2) in [15, 16]. All the lattice
simulations point towards the same momentum scale for
the zero crossing of the three gluon vertex. As discussed
in [12, 13] the observed change of sign in the three gluon
vertex seems to be a requirement to have a properly de-
fined Dyson-Schwinger equation for the gluon propaga-
tor.
In what concerns the high momentum region, the lat-
tice data is compatible with the prediction of the renor-
malisation group improved perturbation theory. In this
sense, our data validates the perturbative approach to
QCD for the UV region.
In the current work, we also discussed the limitation of
the lattice approach to the evaluation of 1PI for the case
of multiple gluon legs. Our conclusion being that, within
the approach considered here, the UV region will be al-
ways plagued with large statistical errors and, therefore,
the method is not able to access the high momentum
region in a way to extract reliable information. Instead,
for higher momenta one can consider combinations of the
1PI and correlation functions with smaller number of ex-
ternal legs. Combined with a very accurate estimation
of these later functions one can, in principle, still get
some usual information about the UV behaviour of the
1PI. An accurate estimation of the 1PI in the UV region
clearly requires going beyond the increase of the size of
configuration ensembles.
Appendix A: Kinematical Decomposition of Γαβγ
For completeness, here we describe the tensor basis in-
troduced in [28] to describe the Γµ1µ2µ3(p1, p2, p3) func-
tion of the 1PI three gluon vertex defined in Eq. (15).
In Minkowsky space, the transverse component of the
vertex parts reads
Γ(t)µ1µ2µ3(p1, p2, p3) = F (p
2
1, p
2
2; p
2
3)
[
gµ1µ2 (p1 · p2)− p1µ2 p2µ1
]
B3µ3
+H(p21, p
2
2, p
2
3)
[
−gµ1µ2 B
3
µ3
+
1
3
(
p1µ3 p2µ1 p3µ2 − p1µ2 p2µ3 p3µ1
)]
+ cyclic permutations (A1)
where
B3µ3 = p1µ3 (p2 · p3)− p2µ3 (p1 · p3) , (A2)
F (p21, p
2
2; p
2
3) is a scalar function symmetric under inter-
change of the first two arguments and H(p21, p
2
2, p
2
3) is
totally symmetric under interchange of its arguments. It
follows from the definition that
pµ33 Γ
(t)
µ1µ2µ3
(p1, p2, p3) = 0 (A3)
and Bose symmetry of the vertex ensures that the con-
tractions with p1 and p2 also vanishes. On the other
hand, the longitudinal part of the vertex is given by
Γ(l)µ1µ2µ3(p1, p2, p3) = A(p
2
1, p
2
2; p
2
3) gµ1µ2
(
p1 − p2
)
µ3
+ B(p21, p
2
2; p
2
3) gµ1µ2
(
p1 + p2
)
µ3
+ C(p21, p
2
2; p
2
3)
(
p1µ2p2µ1 − gµ1µ2 p1 · p2
) (
p1 − p2
)
µ3
+
1
3
S(p21, p
2
2, p
2
3)
(
p1µ3 p2µ1 p3µ2 + p1µ2 p2µ3 p3µ1
)
+ cyclic permutations (A4)
where the scalar functions A(p21, p
2
2; p
2
3) and C(p
2
1, p
2
2; p
2
3)
are symmetric in their first two arguments, B(p21, p
2
2; p
2
3)
is antisymmetric and S(p21, p
2
2, p
2
3) is antisymmetric under
8exchange of any pair of arguments. The full 1PI reads
Γµ1µ2µ3(p1, p2, p3) = Γ
(t)
µ1µ2µ3
(p1, p2, p3)
+ Γ(l)µ1µ2µ3(p1, p2, p3) . (A5)
On the lattice one computes the Green function (13)
on a reduced set of momentum configurations and from
lattice simulations can only access combinations of the
form factors F , H , A, B, C, S on a finite set of momen-
tum configurations.
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